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ABSTRACT
After deducing the density profiles and gravitational potential functions of eight galaxies from the
rotation velocity data from THINGS, we find that the density decreases exponentially with the potential
in substantial regions of the haloes. Such behavior is in agreement with that of a single-component
isothermal Boltzmann gas, and suggests that an effective description in terms of a Boltzmann gas is
possible for dark matter in these regions. This could be an indication that dark matter self-interactions
are sufficient in strength and number to lead to thermal equilibrium in these regions. We write down the
dynamics and boundary conditions for a Boltzmann gas description and examine some of its qualitative
and quantitative consequences. Solutions to the dynamical system are determined by three dimension-
full parameters, and provide reasonable fits to the rotational velocity data in the regions where the
Boltzmann-like behavior was found. Unlike in the usual approach to curve fitting, we do not assume
a specific form for the dark matter density profile and we do not require a detailed knowledge of the
baryonic content of the galaxy.
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1 Introduction and Outline
The paradigm of collisionless cold dark matter has had much success in describing the large scale
structure of the universe. Nevertheless, inconsistencies persist with observations at smaller scales. One
example is the cusp singularity in the dark matter density profile, which is predicted by simulations
of collisionless particles,[1] but is in contrast with observations, in particular, for dwarf galaxies.[2],[3]
The possibility that such inconsistencies may be cured with the inclusion of non gravitational self-
interactions was suggested a number of years ago.[4] The proposal of self-interacting dark matter (having
interaction times less than the Hubble time) is not currently excluded, despite existing constraints
on the interactions coming from halo shapes and cluster interactions. Numerous models for dark
matter self-interactions have been considered, and their role in curing observational anomalies has been
explored.[5],[6],[7],[8],[9],[10],[11],[12],[13] Since self-interactions among dark matter particles are not
excluded, it is then reasonable to ask whether conditions may be suitable in galaxies for a gas of dark
matter particles to reach a state of thermodynamic equilibrium. From the theoretical side, it is a non
trivial problem to know precisely what conditions should be satisfied for this to occur since the nature
of the interaction is unknown. However, it is possible to search for indications of thermal equilibrium
in regions of galactic haloes from direct observations. This can be done using the rotation curve data,
which is a central theme of the article.
Our paper contains two parts. In the first part (section 2), we search for regions in galactic halos
that show behavior analogous to what one would expect from a classical (Boltzmann) gas in thermal
equilibrium. In addressing this issue, we only need to require that the region of interest in the halo is
approximately spherically symmetric and that the source of the rotation curves are circular orbits. Both
of these assumptions are commonly utilized in curve fittings of the rotation velocity data. With these
two assumptions one can simultaneously determine the halo density ρ and gravitational potential φ from
orbital speeds of HI gas in the halo. The assumption of spherical symmetry means that these quantities
are functions of a single parameter. Rather than taking the parameter to be the radial coordinate r, we
can write ρ as a function of φ. (This is a single-valued function because φ monotonically increases with
r.) It is then of interest to search for some universal behavior for ρ(φ). In particular, an exponentially
decreasing function would indicate agreement with a self-interacting classical gas in thermodynamic
equilibrium. To be more specific, the determination of φ(r) and ρ(r) from the circular orbital speed
v(r) follows from simple classical physics considerations. The former is obtained by integrating Newton’s
law,
dφ
dr
=
v2(r)
r
, (1)
while the latter comes from the Poisson equation, ∇2φ = 4piGρ(r), G being the gravitational constant.
Upon assuming spherical symmetry and then substituting (1) one gets
ρ(r) =
1
4piGr2
d
dr
(
rv2(r)
)
. (2)
From φ(r) and ρ(r), we then obtain ρ(φ).
Before discussing analysis of the rotation curve data, it is useful to make a few remarks about the
ideal case of exactly flat rotation curves, i.e., v(r) = constant. φ varies logarithmically in r in this case,
while from (2) one gets that ρ(r) ∝ 1/r2. It is a well known curiosity that the combination of these two
results gives an exponential behavior for ρ(φ), i.e., ρ(φ) ∝ e−φ/φ0 , where φ0 is a constant associated
with the so-called velocity dispersion. Therefore, the source of the gravitational potential responsible for
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exactly flat rotation curves behaves in an identical manner to a single component isothermal Boltzmann
gas.
Of course, a galactic system is not a single component system, and the density and gravitational
potential get contributions from both dark matter and baryonic matter. Moreover, the above scenario
is an oversimplification, since in nature, rotation curves are not exactly flat. On the other hand, the
absence of exactly flat rotation curves from galaxies, does not rule out an exponential behavior for
ρ(φ). For that reason it is of interest to make a more accurate determination of ρ(φ) from the rotation
curves in galactic haloes. We do so using the data from THINGS[14]. A local maximum can be
identified for most of the rotation curves. So for them, there is always a small neighborhood where v is
approximately constant, and it would come as no surprise to find that ρ decreases exponentially with
φ in that neighborhood. A more significant result would be to find exponential behavior for ρ(φ) in a
region that extends far beyond a local maximum. We present evidence that this is the case for eight
galaxies (out of 19) in the THINGS survey. They are NGC 2841, NGC 5055, NGC 7331, NGC 2403,
NGC 2903, NGC 3521, NGC 3198 and DD0 154. The results suggest that an effective Boltzmann gas
description of dark matter is possible for certain regions of galactic haloes, more precisely, spherical
shells RG ≤ r ≤ Rmax . The constant 1/φ0 can be approximately determined for these regions, which
can then be identified with the ratio of particle mass m with some effective temperature T (times
Boltzmann’s constant kB). In section 2 we estimate m/T for the eight galaxies in the relevant regions.
In the second part of the paper, beginning with section 3, we make a model utilizing the effective
Boltzmann description. The dynamics of the model is taken to be that of a single-component self-
gravitating isothermal gas, which is assumed to be valid for the spherical shell, RG ≤ r ≤ Rmax. Along
with spherical symmetry, the model makes the simplifying assumption that only dark matter is present
at distances larger than RG, and that all baryonic matter is contained within a sphere of radius RG.
(Dark matter is also assumed to be present in the region r < RG.) The baryonic component nevertheless
strongly influences the region of interestRG ≤ r ≤ Rmax, as it contributes to the gravitational acceleration
dφ
dr , and thus is responsible for a tidal force on the isothermal gas. The pressure balance implicitly holds
everywhere within and beyond the isothermal region, with the pressure within the isothermal region
given by the ideal gas equation.
The relevant dynamical equation for such a system has been known for a long time.[15] It is the
Emden equation, which is just the Poisson equation with an isothermal Boltzmann gas source. It has a
well known solution, found by Emden, which satisfies the condition that it be nonsingular for all values
of the radial coordinate, 0 ≤ r < ∞. The solution results from the boundary condition that states
that the gravitational force vanishes at the origin. Emden’s solution gives a unique density profile, and
yields a flat rotation curve in the asymptotic limit r →∞.
Since for us the relevant domain is a spherical shell, the condition that the solution be nonsingular
for all r is too restrictive, and we must seek alternative boundary conditions, and hence alternative
solutions. The appropriate conditions for our case should be imposed at the inner boundary, r = RG.
The derivative of φ at this point gives the gravitational attraction to the matter in the interior region
r < RG. The baryonic component dominates the interior region, and so it is largely responsible for the
boundary conditions at r = RG, and it contributes to the gravitational potential of the Boltzmann gas.
In section 3, we show that a family of spherically symmetric solutions to the Emden equations results
from such boundary conditions. They then lead to a family of density profiles that are parameterized
by two dimensionless constants, which we denote by κ and τ . The parameters can be expressed as
functions of the total mass MG in the interior region r < RG, as well as RG and the effective temperature
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of the gas. The family of solutions contains Emden’s solution as a special case. Another special solution
is one which gives an exactly flat rotation curve for all of RG ≤ r ≤ Rmax.§ It results from particular
values of the two dimensionless parameters κ and τ . Since the solution yields an exactly flat rotation
curve it should serve as a crude fit to observations. From the crude fit one can determine the ratio m/T
in terms of the orbital speed in the halo. For instance, from typical orbital speeds of ∼ 200 km/s, one
gets m/T ∼ 400 eV per Kelvin. If one takes the analogy with the Boltzmann gas further and regards T
as the temperature of a gas in equilibrium, the equipartition theorem for this system implies that the
mean speed of the dark matter particles in the gas is of the same order of magnitude as the rotational
speed for HI in the halo. So if the orbital speed is a few hundred km/s, the speed of the particles in the
gas is also a few hundred km/s, and this result is independent of the dark matter mass. The details of
this argument are given in Section 3.
We go beyond the crude approximation in section 4. There we perform fits of the rotation curve data
to the solutions of the self-gravitating isothermal gas for the eight galaxies examined in section 2. The fits
are applied only to the regions RG ≤ r ≤ Rmax of the haloes where ρ(φ) exhibited exponential behavior.
Our approach is quite different from the usual approach to curve fitting, such as Navarro-Frenk-White
(NFW) fits.[1] We do not assume any specific form for the dark matter density profile. Rather, the
density ρ(r) is inferred from the fitted solution. We also do not require any detailed knowledge of the
baryonic content of the galaxy. These details are often difficult to accurately determine, yet they play a
crucial role in the usual approach to curve fitting. Moreover, results differ significantly from one mass
model to another. In the usual approach to curve fitting, the matter contributions from the disk, bulge
and HI gas must be subtracted from the rotation curve data. Here, on the other hand, it would be
a mistake to subtract off the baryonic contribution to rotation velocity before doing the curve fitting.
This is because the contribution of baryonic matter from the inner region r ≤ RG is already included in
the gravitational potential φ(r). Moreover, the Boltzmann equation determines the actual rotational
velocity, not individual contributions from the different components. Finally, while fits to rotational
curve data are usually performed for the entire galaxy, here it makes sense to perform the fits to the
Boltzmann gas only for the spherical shell, RG ≤ r ≤ Rmax, where evidence for such a behavior has been
found from the data.
While only two dimensionless parameters are needed to specify solutions to the Boltzmann equation,
three dimensionfull parameters are required to fit the rotational velocity data. They are m/T , the
density ρ(RG) at r = RG and the total mass M(RG) contained inside the sphere of radius RG. Not too
surprisingly, the result for m/T obtained from the fit are reasonably consistent with the corresponding
values obtained in section 2. We use the fit to estimate the mass M(RG,Rmax) of the region RG ≤ r ≤ Rmax
exhibiting the Boltzmann behavior. In most cases, we find that this mass is larger than that of the
inner region r ≤ RG. We also find that in most cases, M(RG,Rmax) is larger than previous estimates of the
total baryonic mass of the galaxy, obtained from mass models.[14] This lends support to the conclusion
that the region RG ≤ r ≤ Rmax exhibiting Boltzmann-like behavior contains a significant fraction of the
total mass of the galaxy, and that it consists primarily of dark matter.
A summary of the results for the eight galaxies, including two tables, is given in section 5, along
with concluding remarks.
§ This solution has often been referred to as the ’singular’ isothermal sphere because it is singular in the limit r = 0.
For us, however, the solution is nonsingular because the origin is excluded from the domain.
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2 Determination of ρ(φ) from rotation curve data
As stated in the introduction, the density function ρ(r) and gravitational potential φ(r) in the halo
can be numerically determined from the rotation velocity data under certain simplifying assumptions.
The assumptions are that the system is spherically symmetric and that the rotation velocity data are
attributed to circular orbits. φ(r) and ρ(r) are obtained from v(r) using (1) and (2), respectively. The
two functions can then be combined to determine ρ(φ). In order to search for Boltzmann-like behavior,
it is useful to plot log ρ versus φ. We do this for the eight mentioned galaxies in the THINGS survey.
Boltzmann-like behavior would correspond to a straight line with negative slope in the plot of log ρ
versus φ, the slope being φ0 or T/m. We also plot − ddφ log ρ versus r for the eight galaxies. Boltzmann-
like behavior would yield a constant in the latter graph, corresponding to the value of m/T for the
gas.
The first step in the analysis is to fit the rotation velocity data to a smooth curve v(r). We should
mention that the results for ρ(φ) are somewhat sensitive to how closely one fits the data to a smooth
curve. In order to reduce the subjectivity of the analysis, we fit all eight galaxies in the sample to the
same eight-parameter series, i.e.,
∑4
n=−3 anr
n. Our analysis reveals an exponential behavior for regions
of the haloes. This behavior becomes less evident if we make a cruder fit to the data, using only a few
parameters. On the other side, additional features of the halo obscure the exponential behavior if one
includes too many parameters.
The eight galaxies are organized into four categories: unbarred galaxies (NGC 2841, NGC 5055 and
NGC 7331), weakly barred galaxies (NGC 2403, NGC 2903 and NGC 3521), a barred spiral galaxy
(NGC 3198), and finally, a dwarf galaxy (DD0 154).
We begin with the unbarred galaxies. After first listing some relevant information for these galaxies,
we then determine log ρ(φ) from the data.
2.1 NGC 2841
The morphology classification of NGC 2841 is SA(r)b. It is a flocculent, unbarred giant spiral galaxy,
with a classical bulge and a significant population of blue stars. A certain mass model gives the disk
and bulge masses for NGC 2841 of 1.096 × 1011 M and 2.51 × 1010 M, respectively.¶ Using [16]
the distance scale of the disk is ∼ 3.5 kpc. The HI gas mass for NGC 2841 is 8.6 × 109 M.[17] This
is approximately 6% of the disk plus bulge mass, and so one would expect it to make only a small
contribution to the total density in the halo. More background information about NGC 2841 can be
found in [14].
The THINGS rotation velocity data for NGC 2841 is available at distances up to 51.6 kpc, or almost
15 times the distance scale of the disk. Figure 1 shows an eight-parameter fit of the rotation velocity
data to the series
∑4
n=−3 anr
n from r = 3.8 to 51.6 kpc. The fit is done to the midpoints [corresponding
to the dots] of the error bars. From the fitted function for v(r), we obtain the gravitational potential
φ(r) by numerically integrating (1). The result is shown in figure 2. The density profile ρ(r) is found
¶More specifically, these values were obtained using models with fixed values of the mass to luminosity ratio and the
diet Salpeter stellar initial mass function. (They were obtained from Table 3 of [14].) As we indicated previously, the
baryonic masses for any given galaxy differ significantly from one model to another. These details play no direct role in
the analyses we do here.
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using (2), and is shown in figure 3.‖ The latter two plots are combined in figure 4 to give log (ρ(r)/ρ0)
versus φ(r), where ρ0 is a constant with units of density. In the region 7 < r < 22 kpc, it approximately
coincides with a straight line with negative slope. From this figure it thus appears that ρ(φ) has an
exponential behavior in the region 7 < r < 22 kpc, or approximately from 2 to 6 times the distance scale
of the disk. Finally, in figure 5 we plot minus the derivative of log ρ with φ versus r. An approximately
constant value of ∼ 190 eV/Kel is obtained for −d log ρdφ over the range 7 < r < 22 kpc, which is
shown in the inset. Therefore this region is consistent with the description of a Boltzmann gas with
m/T ∼ 190 eV/Kel. −d log ρdφ gradually increases to ∼ 250 eV/Kel over the range 20 < r < 30 kpc,
before rapidly decreasing beyond 30 kpc.
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Figure 1: Eight-parameter series fit of rotation velocity data for NGC 2841 from r = 3.8 to 51.6 kpc.
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Figure 2: Resulting gravitational potential versus r for NGC 2841 from r = 3.8 to 51.6 kpc. The zero
of the potential is at r = 3.8.
‖Figure 3 exhibits a region beyond 40 kpc where the density increases with increasing r. Similar results are seen for
very distant regions of NGC 7331, NGC 2903, NGC 3521 and NGC 3198. This behavior is presumably unphysical, and so
if one can trust the fits in these regions, it may indicate that the two assumptions (spherical symmetry and circular orbits)
used in obtaining ρ(r) are invalid for these particular regions. In any case, these regions are far beyond the domains of
interest of our paper.
6
10 20 30 40 50
0
5.0´106
1.0´107
1.5´107
2.0´107
2.5´107
r HkpcL
de
ns
ity
Hso
la
rm
as
sk
pc
^
3L
Figure 3: Resulting density versus r for NGC 2841 from r = 3.8 to 51.6 kpc.
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Figure 4: log (density/constant) versus the gravitational potential for NGC 2841 for r = 3.8 to 51.6 kpc.
It is compared to a straight line (red, dashed) with slope ≈ −190 eV/Kel. The two plots approximately
coincide for 7 < r < 22 kpc.
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Figure 5: −d log ρdφ versus r for NGC 2841. The plot is approximately constant for the domain 7 < r < 22
kpc, which is shown in the inset.
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2.2 NGC 5055
The morphology classification of NGC 5055 is SA(rs)bc. It is an unbarred spiral galaxy, with an
extended warp at end of the optical disk. It has a regular structure with well defined flocculent spiral
arms, and is part of the M51 group of galaxies. Mass models ([see [14]) give the disk and bulge masses
for NGC 5055 of 1.203 × 1011 M and 2.09 × 109 M. The distance scale of the disk is ∼ 3.622 kpc.
[16] The HI gas mass for NGC 5055 is .91 × 1010 M,[17] which is approximately 7% of the disk plus
bulge mass.
THINGS rotation velocity data are available at distances up to ∼ 44.4 kpc, around 12 times the
distance scale of the disk. An eight-parameter series fit, again using
∑4
n=−3 anr
n, of the data from
r = .2 to 44.4 kpc appears in figure 6. Here we don’t include a plot of φ(r) and ρ(r), but give the
plot of log (ρ(r)/constant) versus φ(r) in figure 7. An approximate straight line with negative slope is
recovered upon restricting the radial coordinate to 10 < r < 25 kpc. In figure 8 we plot minus the
derivative of log ρ with φ versus r. It is approximately constant in the domain 10 < r < 25 kpc (shown
in the inset), with an average value of ∼ 440 eV/Kel. −d log ρdφ reaches a minimum value of ∼ 375
eV/Kel at r ≈ 4 kpc, before rapidly increasing at smaller distances.
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Figure 6: Series fit of rotation velocity data for NGC 5055 from r = .2 to 44.4 kpc.
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Figure 7: log (density/constant) versus the gravitational potential for NGC 5055 for r = 6.5 to 37.5 kpc.
It is compared to a straight line (red, dashed) with slope ≈ −440 eV/Kel. The two plots approximately
coincide for 10 < r < 25 kpc.
8
0 5 10 15 20 25 300
100
200
300
400
500
600
r @kpcD
m
T
@eV
K
elD
10 12 14 16 18 20 22 240
100
200
300
400
500
600
r @kpcD
m
T
@eV
K
elD
Figure 8: −d log ρdφ versus r for NGC 5055. The plot is approximately constant for the domain
10 < r < 25 kpc, which is shown in the inset.
2.3 NGC 7331
The morphology classification of NGC 7331 is SA(s)b. It is regular at large scales, but spiral arms cause
wiggles in velocity contours, and there are large differences in the rotation curve for the approaching
and receding sides.[14] Mass models give the disk and bulge masses for NGC 7331 of 1.66 × 1011 M
and 1.74× 1010 M. The distance scale of the disk is ∼ 3.2 kpc. [16] The HI gas mass for NGC 7331
is .91× 1010 M,[17] which is approximately 5% of the disk plus bulge mass.
THINGS rotation velocity data are available at distances up to ∼ 24.4 kpc, or over seven times
the distance scale of the disk. The eight-parameter series fit of rotation velocity data from r = 3.3 to
24.4 kpc appears in figure 9. The resulting plot of log (ρ(r)/constant) versus φ(r) is given in figure 10.
An approximate straight line with negative slope is recovered upon restricting the radial coordinate to
8 < r < 16 kpc. In figure 11 we plot minus the derivative of log ρ with φ versus r. It is approximately
constant in the domain 8 < r < 16 kpc (shown in the inset), with an average value of ∼ 260 eV/Kel.
−d log ρdφ reaches a maximum value of ∼ 340 eV/Kel at r ≈ 5.5 kpc.
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Figure 9: Series fit of rotation velocity data for NGC 7331 from r = 3.3 to 24.4 kpc.
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Figure 10: log (density/constant) versus the gravitational potential for NGC 7331 for r = 6 to 24.3 kpc.
It is compared to a straight line (red, dashed) with slope ≈ −260 eV/Kel. The two plots approximately
coincide for 8 < r < 16 kpc.
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Figure 11: −d log ρdφ versus r for NGC 7331. The plot is approximately constant over the domain
8 < r < 16 kpc, which is shown in the inset.
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We next repeat the previous analysis for weakly barred spiral galaxies: NGC 2403, NGC 2903 and
NGC 3521.
2.4 NGC 2403
The morphology classification of NGC 2403 is SAB(s)cd. Mass models (see [14]) give the disk and bulge
masses for NGC 2403 of 4.68× 109 M and 4.27× 108 M, respectively. The distance scale of the disk
is ∼ 2.7 kpc. [16] The HI gas mass for NGC 2403 is 2.58× 109 M,[17] which is approximately 50% of
the disk plus bulge mass.
THINGS rotation velocity data are available at distances up to ∼ 24 kpc, or almost nine times the
distance scale of the disk. The eight-parameter series fit of rotation velocity data from r = .1 to 24
kpc appears in figure 12. The resulting plot of log (ρ(r)/constant) versus φ(r) is given in figure 13.
An approximate straight line with negative slope is recovered upon restricting the radial coordinate to
3 < r < 10 kpc. In figure 14 we plot minus the derivative of log ρ with φ versus r. It is approximately
constant in the domain 3 < r < 10 kpc (shown in the inset), with an average value of ∼ 1100 eV/Kel.
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Figure 12: Eight-parameter series fit of rotation velocity data for NGC 2403 from r = .1 to 24 kpc.
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Figure 13: log (density/constant) versus the gravitational potential for NGC 2403 for r = 1 to 20 kpc. It
is compared to a straight line (red, dashed) with slope ≈ −1100 eV/Kel. The two plots approximately
coincide for 3 < r < 10 kpc.
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Figure 14: −d log ρdφ versus r for NGC 2403. The plot is approximately constant over the domain
3 < r < 10 kpc, which is shown in the inset.
2.5 NGC 2903
The morphology classification of NGC 2903 is SAB(rs)bc. It has tightly wound spiral arms. Mass
models (see [14]) give the disk and bulge masses for NGC 2903 of 1.41× 1010 M and 2.14× 109 M,
respectively. The distance scale of the disk is ∼ 3.0 kpc. [16] The HI gas mass for NGC 2903 is
4.35× 109 M,[17] which is approximately 27% of the disk plus bulge mass.
THINGS rotation velocity data are available at distances up to 31 kpc, which is over ten times the
distance scale of the disk. An eight-parameter series fit of rotation velocity data from r = .3 to 31
kpc appears in figure 15. The resulting plot of log (ρ(r)/constant) versus φ(r) is given in figure 16.
An approximate straight line with negative slope is recovered upon restricting the radial coordinate to
3 < r < 9 kpc. In figure 17 we plot minus the derivative of log ρ with φ versus r. It is approximately
constant in the domain 3 < r < 9 kpc (shown in the inset), with an average value of ∼ 490 eV/Kel. If
one extends the domain up to 25 kpc, the value of m/T varies from ∼ 350 to ∼ 650 eV/Kel.
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Figure 15: Series fit of rotation velocity data for NGC 2903 from r = .3 to 31 kpc .
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Figure 16: log (density/constant) versus the gravitational potential for NGC 2903 for r = 1 to 31 kpc.
It is compared to a straight line (red, dashed) with slope ≈ −490 eV/Kel. The two plots approximately
coincide for 3 < r < 9 kpc.
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Figure 17: −d log ρdφ versus r for NGC 2903. The plot is approximately constant over the domain
3 < r < 9 kpc, which is shown in the inset.
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2.6 NGC 3521
The morphology classification of NGC 3521 is SAB(rs)bc. It has a flocculent spiral structure and a
negligible bulge. Mass models (see [14]) give the disk mass for NGC 3521 of 1.23 × 1011 M, with a
corresponding distance scale of ∼ 3.3 kpc. [16] The HI gas mass for NGC 3521 is .802 × 1010 M,[17]
which is approximately 6.5% of the disk mass.
THINGS rotation velocity data are available at distances up to 35.5 kpc, which is over ten times
the distance scale of the disk. An eight-parameter series fit of rotation velocity data from r = 3.2 to
35.5 kpc appears in figure 18. The resulting plot of log (ρ(r)/constant) versus φ(r) is given in figure 19.
An approximate straight line with negative slope is recovered upon restricting the radial coordinate to
7 < r < 15 kpc. In figure 20 we plot minus the derivative of log ρ with φ versus r. It is approximately
constant in the domain 7 < r < 15 kpc (shown in the inset), with an average value of ∼ 380 eV/Kel. A
minimum of ∼ 230 eV/Kel occurs at ∼ 4 kpc.
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Figure 18: Series fit of rotation velocity data for NGC 3521 from r = 3.2 to 35.5 kpc.
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Figure 19: log (density/constant) versus the gravitational potential for NGC 3521 for r = 4 to 30 kpc.
It is compared to a straight line (red, dashed) with slope ≈ −380 eV/Kel . The two plots approximately
coincide for 7 < r < 15 kpc.
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Figure 20: −d log ρdφ versus r for NGC 3521. The plot is approximately constant over the domain
7 < r < 15 kpc, which is shown in the inset.
We next consider the barred spiral galaxy NGC 3198.
2.7 NGC 3198
The morphology classification of NGC 3198 is SB(rs)c. This galaxy has two well-defined spiral arms,
and has indications of a modest warp. Mass models (see [14]) give the disk and bulge masses for NGC
3198 of 2.82 × 1010 M and 2.88 × 109 M, respectively. The distance scale of the disk is ∼ 4.0 kpc.
[16] The HI gas mass for NGC 3198 is 1.017 × 1010 M,[17] which is approximately 33% of the disk
plus bulge mass.
THINGS rotation velocity data are available at distances up to 38.5 kpc, which is over nine times
the distance scale of the disk. The eight-parameter series fit of rotation velocity data from r = 4.1 to
38.5 kpc appears in figure 21. The resulting plot of log (ρ(r)/constant) versus φ(r) is given in figure 22.
An approximate straight line with negative slope is recovered upon restricting the radial coordinate to
5 < r < 15 kpc. In figure 23 we plot minus the derivative of log ρ with φ versus r. It ranges between
∼ 750 eV/Kel and ∼ 950 eV/Kel and has an average value of ∼ 820 eV/Kel for the domain 5 < r < 25
kpc.
15
0 10 20 30
130
140
150
160
r HkpcL
v
Hkm
sL
Figure 21: Eight-parameter series fit of rotation velocity data for NGC 3198 from r = 4.1 to 38.5 kpc.
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Figure 22: log (density/constant) versus the gravitational potential for NGC 3198 for r = 2 to 39.5 kpc.
It is compared to a straight line (red, dashed) with slope ≈ −820 eV/Kel. The two plots approximately
coincide for 5 < r < 15 kpc.
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Figure 23: −d log ρdφ versus r for NGC 3198. The plot ranges between ∼ 750 eV/Kel and ∼ 950 eV/Kel
for the domain 5 < r < 25 kpc.
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Finally, we repeat the analysis for the dwarf galaxy DD0 154.
2.8 DD0 154
The morphology classification of DD0 154 is IB(s)m. It is a gas-rich dwarf irregular galaxy with a
negligible bulge. Mass models (see [14]) give the disk mass for DD0 154 of 2.63 × 107 M, with a
corresponding distance scale of ∼ .8 kpc. [16] The HI gas mass for DD0 154 is 3.58×108 M,[17] which
is approximately 13.6 times the disk mass.
THINGS rotation velocity data are available at distances up to 8 kpc, or ten times the distance
scale of the disk. The eight-parameter series fit of rotation velocity data from r = .3 to 8 kpc appears
in figure 24. The resulting plot of log (ρ(r)/constant) versus φ(r) is given in figure 25. An approximate
straight line with negative slope is recovered upon restricting the radial coordinate to 1.5 < r < 4.5 kpc.
In figure 26 we plot minus the derivative of log ρ with φ versus r. It ranges between ∼ 7500 eV/Kel
and ∼ 10000 eV/Kel and has an average value of ∼ 8600 eV/Kel for the domain 1.5 < r < 6.5 kpc.
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Figure 24: Eight-parameter series fit of rotation velocity data for DD0 154 from r = .3 to 8 kpc.
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Figure 25: log (density/constant) versus the gravitational potential for DD0 154 for r = .3 to 8 kpc. It
is compared to a straight line (red, dashed) with slope ≈ −8600 eV/Kel. The two plots approximately
coincide for 1.5 < r < 4.5 kpc.
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Figure 26: −d log ρdφ versus r for DD0 154. The plot ranges between ∼ 7500 eV/Kel and ∼ 10000
eV/Kel over the domain 1.5 < r < 6.5 kpc.
3 An effective theory
In the previous section we have presented evidence of Boltzmann-like behavior in regions of haloes of
eight galaxies in the THINGS survey. Here we model the Boltzmann behavior by writing down the
dynamics for a self-gravitating gas in thermodynamic equilibrium in an external gravitational field.
The relevant domain for the model is a finite shell, associated with the regions where the exponential
behavior was found was found for ρ versus φ. Here we discuss the parameter space of the solutions of
the model, along with consistency checks. Fits of the rotation curves to the solutions will be made in
the following section.
3.1 Dynamics and boundary conditions
Here we write down an effective thermodynamic model for regions, corresponding to spherical shells
RG ≤ r ≤ Rmax, where the Boltzmann gas is valid. More specifically, it is the description of a self-
gravitating isothermal gas, subject to an external gravitational potential. The total gravitational po-
tential is again denoted by φ, which includes contributions from the gravitational self-interactions of
the gas, as well as the external tidal force. We shall assume that the gas consists of only one type of
particle, with mass m, and that φ is slowly varying with respect to the average interparticle distance.
As in the previous section, we assume that spherical symmetry holds, at least at lowest order, and so
quantities of interest, such as φ and the average density ρ are functions only of the radial variable. It is
desirable to have the radius RG of the inner boundary sufficiently larger than the distance scale of the
disk. (This was generally the case for the examples considered in the previous section. For instance, RG
was approximately twice the disk scale for NGC 2841.) Then one expects that deviations from spherical
symmetry and contributions from the baryonic matter to total density ρ in the spherical shell can be
ignored at lowest order.
We first impose boundary conditions at r = RG. The value of φ at the boundary is arbitrary. It is
convenient to choose it to be zero.∗∗ Then for a Boltzmann gas one has
ρ(r) = ρ(RG)e
−mφ(r)/kBT (3)
∗∗Our fitting procedure will not depend on this choice. The fits determine values of ρ(RG) and m/T in the density
formula (3). The addition of a constant to the potential can be absorbed in ρ(RG).
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On the other hand, the value of dφdr at r = RG must be identified with the acceleration of gravity at the
inner boundary of the spherical shell. Thus
φ(RG) = 0
dφ
dr
∣∣∣
r=RG
=
GMG
R2G
, (4)
MG is the total mass inside the sphere of radius RG. The model is thus defined by the two boundary
conditions and the Poisson equation
1
r2
d
dr
(
r2
dφ
dr
)
= 4piGρ(RG)e
−mφ(r)/kBT , RG ≤ r ≤ Rmax (5)
The pressure balance implicitly holds everywhere within and beyond the isothermal region, including
at the interfaces between the regions. The pressure within the isothermal region is given by the ideal
gas equation P (r) = ρ(r)kT/m.
3.2 Solutions
To examine the space of solutions it is convenient to do a rescaling to the dimensionless variables x = rRG
and χ = RGGMG φ. (5) simplifies to
1
x2
d
dx
(
x2
dχ
dx
)
= 3κ e−
χ(x)
τ , 1 ≤ x ≤ xmax , (6)
where xmax = Rmax/RG, and the boundary conditions become
χ(1) = 0
dχ
dx
∣∣∣
x=1
= 1 (7)
κ and τ are independent dimensionless parameters determining the solutions. They depend, among
other things, on RG and MG. κ is the ratio of ρ(RG) to the mean mass density in the interior of the
sphere of radius RG, i.e., ρG =
MG
4
3piR
3
G
, while τ is a rescaled temperature
κ =
4
3piR
3
G ρ(RG)
MG
τ =
kBT
mv2x=1
, (8)
where vx=1 is the speed of objects undergoing circular orbits at r = RG. It is given by v
2
x=1 = GMG/RG.
From solutions to (6) and (7) one can then determine the orbital speed v(x) at any value of the radial
coordinate, along with the total mass M(x) enclosed in a sphere of radius x, 1 ≤ x ≤ xmax. They are
given respectively by ( v
vx=1
)2
= x
dχ
dx
and
M(x)
MG
= 3κ
∫ x
1
dx′x′2e−
χ(x′)
τ (9)
Eq. (6) is the spherically symmetric Lane-Emden equation for infinite polytropic index, which
is often referred to as the Emden equation.[15] Various techniques have been employed to obtain its
solutions, and application to galactic dynamics has been discussed. (See for example, [18],[19],[20],[21].
Axially symmetric solutions with rotation have also been obtained.[22]) Boundary conditions for this
equation are standardly imposed at the origin, where the gravitational force is required to vanish, i.e.,
dχ
dx
∣∣∣
x=0
= 0.†† This boundary condition leads to a solution known as the isothermal sphere, which was
first found by Emden.
††χ is often set to zero, as well, at the origin, but this is a gauge condition which can be removed with a redefinition of
κ.
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In our case, the Boltzmann gas description is not valid outside the domain 1 ≤ x ≤ xmax, and it is
then appropriate to impose boundary conditions at x = 1, as we have done in (7). A two-parameter
(i.e., κ and τ) family of solutions to the Emden equations result from the boundary conditions (7).
The solutions contain Emden’s isothermal sphere as a special case. That is, a subset of the solutions
to (6) and (7) can be consistently continued from x = 1 to the origin, where dχdx
∣∣∣
x=0
= 0. κ and τ are
not independent for the subset. To see this one can do another rescaling of the field, χ→ χ˜ = χ/τ , and
the coordinate, x → x˜ =
√
3κ
τ x, thereby removing the parameters from the differential equation (6),
and putting them instead in the boundary conditions. Then
1
x˜2
d
dx˜
(
x˜2
dχ˜
dx˜
)
= e−χ˜(x˜) , (10)
with
χ˜
∣∣∣
x˜=
√
3κ
τ
= 0
dχ˜
dx˜
∣∣∣
x˜=
√
3κ
τ
=
1√
3κτ
(11)
For generic values of κ and τ , the boundary conditions (11) cannot be generated by integrating the
Emden equation from the origin, starting from dχ˜dx˜
∣∣∣
x˜=0
= 0 and any χ˜(0). [χ˜(0) must be negative since
χ˜ grows with increasing x˜.] If one were to impose the boundary condition dχ˜dx˜
∣∣∣
x˜=0
= 0, along with some
χ˜(0) < 0, one can integrate the Emden equations to find the intersection of χ˜(x˜) with the x˜−axis,
along with the slope of the function at that point. The result, along with (11), can then be used to
numerically solve for specific values of κ and τ , associated with the subset of isothermal spheres.
Another special solution to the Emden equation is the ‘singular’ isothermal sphere. It has the
analytic expression
χ(x) = τ log
(3κx2
2τ
)
(12)
It is called singular because it is ill-defined at the origin (for any values of κ and τ). Rather than
satisfying dχdx
∣∣∣
x=0
= 0, the acceleration of gravity diverges at the origin. On the other hand, (12) is
mathematically and physically well defined for the domain of interest here, 1 ≤ x ≤ xmax. It satisfies
the boundary conditions (7) for particular values of τ and κ, namely τ = 12 and κ =
1
3 , or in terms of
dimensionfull quantities,
ρ(RG) =
MG
4piR3G
m
T
=
2kB
v2x=1
(13)
From v2x=1 = GMG/RG, one finds that m/T in (13) is determined by the baryonic matter and dark
matter contained in r < RG. Using (9), one gets that the solution (12) has an exactly flat rotation
curve, v = vx=1 for all x > 0, and a linearly increasing mass function M(x) = (x − 1)MG. Since
this behavior is roughly what is observed for all galactic haloes, (13) should provide crude estimates
for ρ(RG) and m/T . In section 4 we shall compare these estimates to values extracted from fits to the
rotation curve data, and we can compare the fitted values of κ and τ to this special case.
Although eq. (12) is not a solution for arbitrary values of τ and κ, it does describe the behavior of
generic solutions as x → ∞.‡‡ So in the asymptotic region of the solution (which may be beyond the
relevant physical domain, 1 ≤ x ≤ xmax), the orbital speed goes to a constant value, specifically
v∞ =
√
2τ vx=1 =
√
2kBT
m
, (14)
‡‡ To see this we can do another change of coordinates and rewrite the differential equation in terms of y = log x. Upon
assuming that d
2χ
dy2
<< dχ
dy
when y →∞, one gets dχ
dy
∼ 3κ exp (2y − χ(y)/τ), the solution of which is (12).
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for any κ > 0. (Of course, v → 0 as x → ∞ in the absence of any matter source in the region, i.e.,
κ = 0.) This is illustrated in figures 27 and 28. There we plot v/vx=1 for numerical solutions to (6)
and (7) associated with various values of τ and κ [including the values τ = 12 and κ =
1
3 corresponding
to the analytic solution (12)].
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Figure 27: v/vx=1 is plotted versus x for τ =
1
2 and κ = 0,
1
6 ,
1
3 and
1
2 . The values of κ are listed in
ascending order of the slope at x = 1, with κ = 0 corresponding to no halo.
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Figure 28: v/vx=1 is plotted versus x for κ =
1
3 and τ =
1
4 ,
1
2 and 1. The values of τ are listed in
ascending order of the slope at x = 1. The limiting value of v/vx=1 is
√
2τ , which is indicated for the
top and bottom curves by the dashed gridlines.
3.3 Consistency checks
Since we are dealing with an Boltzmann gas description, it is reasonable to regard the effective temper-
ature as a measure of the average kinetic energy of the dark matter particles. Then a simple application
of the equipartition theorem gives an rms speed of u =
√
3kBT/m, assuming no internal structure
for the particles. This is of the same order as the average orbital speed of the HI gas in the halo.
From (14), one gets u =
√
3
2v∞, where v∞ was the orbital speed in the limit r tends to infinity. Since
orbital speeds in haloes are nonrelativistic, the particles in this Boltzmann gas description must also be
nonrelativistic. This provides one consistency check of the model, as no relativistic corrections need to
be considered.
Another consistency check comes from examining the number density n(r) = ρ(r)/m. A Boltz-
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mann gas description necessitates that the particles behave classically. This means that the de Broglie
wavelength λ is much less than the interparticle distance,
λn1/3(r) << 1 (15)
As our analysis applies only for the domain RG ≤ r ≤ Rmax, the most stringent constraint will be at
the inner boundary of the shell, r = RG. Applying this to the example of the solution with τ =
1
2 and
κ = 13 , which is associated with exactly flat rotation curves, one has from (13) that n(RG) =
MG
4pimR3G
,
while λ = hmu =
√
2
3
h
mv∞
. The condition (15) becomes
m8/3 >>
8pi
35/3
( h¯ρ1/3G
v∞
)2
, (16)
where ρG is again the mean mass density inside the sphere of radius RG. For an order of magnitude
estimate, let us take ρG ∼ 109M/kpc3 along with v∞ ∼ 200 km/s. Substituting into the right hand
side of (16) gives ∼ (100 eV)8/3. Thus the classical approximation is valid provided that particle mass
is significantly greater than ∼ 100 eV. In other words, corrections due to quantum statistics can only
be significant in the spherical shell, RG ≤ r ≤ Rmax, if the dark matter particle mass is ∼ 100 eV or less
(smaller bounds result from typical densities of dwarf galaxies). However, since such hot dark matter
scenarios are currently disfavored, classical statistics is all that is needed for this model.
4 Boltzmann fits
In section 2 we fit the rotation velocity data for galactic haloes to an eight-parameter series and found
significant regions RG ≤ r ≤ Rmax in the haloes where ρ(φ) decreases exponentially. Here we directly
compare the data in this region to the model of the self-gravitating isothermal Boltzmann gas con-
structed in the previous section. More specifically, we fit the rotational velocity data from THINGS[14]
to solutions of (4) and (5). As stated in the introduction, our procedure is very different from the
common practice of fitting the data using some particular density profile for the dark matter, such as
NFW. The latter requires detailed knowledge of all the baryonic contributions, which are deduced from
mass models. The results of such fits are highly dependent on the choice of mass models. On the other
hand, precise density profiles for the baryonic contributions are not required in the analysis we do here.
The baryonic component, nevertheless, plays an important role in our approach. It, along with the dark
matter contribution to the mass M(RG) in the interior region r ≤ RG, determine the second boundary
condition in (4) at RG, which gives the strength of the external gravitational field in the spherical shell
RG ≤ r ≤ Rmax. (In practice, we do the inverse. We determine the boundary condition from the fits,
i.e., we obtain M(RG) from the data.) As the purpose of this section is to test the validity of the model,
it makes sense to restrict the fit to the region RG ≤ r ≤ Rmax where the Boltzmann-like behavior was
previously found.
The Boltzmann fits allow us to determine the three dimensionfull parameters of the model, namely,
m/T , ρ(RG) and M(RG), for the given RG. From them,
a) We compare the results for m/T to those found in section 2.
b) Using the Boltzmann form for the density (3), we numerically estimate the mass M(RG,Rmax) of the
region, RG ≤ r ≤ Rmax. The mass of the Boltzmann-like region is simply
M(RG,Rmax) = 4piρ(RG)
∫ Rmax
RG
dr r2e−mφ(r)/kBT (17)
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In order to understand what fraction of the total mass of the galaxy it represents, we compare M(RG,Rmax)
to the mass M(RG) in the interior region r < RG, and to the total baryonic mass of the galaxy, as was
determined previously from a mass model.[14]
c) Lastly, we obtain fitted values for the dimensionless parameters κ and τ and compare the results to
the flat solution (τ, κ) = (12 ,
1
3 ).
We again consider the eight galaxies in the order: unbarred, weakly barred, barred and dwarf
galaxies.
4.1 NGC 2841
In subsection 2.1 the exponential behavior for ρ(φ) was found in the region 7 kpc ≤ r ≤ 22 kpc of the
NGC 2841 halo. Here we perform the fit in this region of the rotation velocity data to solutions of (4)
and (5). It is shown in figure 29. The fit is done to the midpoints [corresponding to the dots] of the error
bars. The values found for the three dimensionfull parameters of the Boltzmann gas are: m/T ≈ 205
eV/Kel, ρ(RG) ≈ 4.6 × 107M/kpc3 and M(RG) ≈ 1.7 × 1011M. The result for m/T is close to the
value of ∼ 190 eV/Kel obtained in section 2. The latter corresponds to the average of −d log ρdφ over the
domain 7 < r < 22 kpc in figure 5. One can also compare the results for ρ(RG) and M(RG) with those of
the eight-parameter fit in section 2. For ρ(7 kpc ), the latter gives ∼ 4.4× 107M/kpc3, which is close
to the result obtained from the Boltzmann fit. More generally, in figure 30 we plot the Boltzmann gas
density for the fitted values of the parameters and compare it with the density in figure 3, which was
obtained from the eight-parameter series fit. Agreement is quite close beyond 10 kpc. (The analogous
comparisons for the other seven galaxies [not shown here] are reasonably similar, with one exception.)
To calculate M(RG) from the eight-parameter fit, one can use M(RG) = v(RG)
2RG/G. The result is
M(7 kpc ) ∼ 1.67× 1011M. This value is also close to the results we get for the Boltzmann fit.
We next numerically estimate the mass of the Boltzmann-like region 7 < r < 22 kpc using (17). We
get M(7 kpc,22 kpc) ≈ 2.9× 1011M. It is significantly greater than the mass M(RG) of the inner region,
r < 7 kpc. Furthermore, it is also significantly greater than the sum of the baryonic mass contributions
for NGC 2841 which were obtained from a mass model. [14] Summing the disk, bulge and HI gas masses
cited in subsection 2.1 gives ∼ 1.43 × 1011M [which in this example is close to the estimate for the
mass M(RG) in the inner region]. From these values one gets that the region exhibiting Boltzmann-like
behavior is more than twice as massive as the baryonic component of the galaxy, and it therefore must
consist mainly of dark matter.
From (8) we compute the fitted values for the dimensionless parameters τ and κ. We get τ ≈ .37 and
κ ≈ .42. This in contrast to the trivial isothermal solution (τ, κ) = ( 12 , 13 ), associated with an exactly
flat rotation curve. Since v(r) is far from being flat, it is a nontrivial result that the region 7 < r < 22
kpc is well described by a Boltzmann gas.
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Figure 29: Fit of the rotation velocity data for NGC 2841 to a Boltzmann gas in the region 7 kpc ≤ r ≤
22 kpc. The fitted value for the three dimensionfull parameters of the Boltzmann gas are: m/T ≈ 205
eV/Kel, ρ(RG) ≈ 4.6× 107M/kpc3 and M(RG) ≈ 1.7× 1011M.
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Figure 30: Plot of the Boltzmann gas density for the fitted values of the parameters (solid) compared
to the density resulting from the eight-parameter series fit in section 2 which was obtained from the
eight-parameter series fit restricted to the region 7 kpc ≤ r ≤ 22 kpc (dashed).
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4.2 NGC 5055
In subsection 2.2 the exponential behavior for ρ(φ) was found in the region 10 < r < 25 kpc of the
NGC 5055 halo. A fit in this region of the rotation velocity data to the solutions of (4) and (5) is
shown in figure 31. The fitted value for the three dimensionfull parameters of the Boltzmann fit are:
m/T ≈ 300 eV/Kel, ρ(RG) ≈ 5.7 × 106M/kpc3 and M(RG) ≈ 1.05 × 1011M. The fit for m/T is
a bit below the average value of ∼ 440 eV/Kel found for this region from figure 8, but is somewhat
sensitive to the choice of end points. Using (17), we can numerically estimate the mass of the region
10 < r < 25 kpc exhibiting Boltzmann-like behavior. We get M(10 kpc,25 kpc) ≈ 1.29× 1011M. This is
approximately the same as the estimated value of the mass M(RG) in the interior region r < RG, and
also approximately the same as the sum of the baryonic mass contributions for NGC 5055 quoted in
subsection 2.2. The latter is ∼ 1.34× 1011M. From (8) the fitted values for τ and κ are τ ≈ 0.55 and
κ ≈ 0.21, as compared with the flat solution (τ, κ) = (12 , 13 ).
10 15 20 25
160
180
200
220
240
r HkpcL
v
Hk
m
s
L
Figure 31: Fit of the rotation velocity data for NGC 5055 to a Boltzmann gas in the region 10 kpc ≤ r ≤
25 kpc. The fitted values for the three dimensionfull parameters of the Boltzmann gas are: m/T ≈ 300
eV/Kel, ρ(RG) ≈ 5.7× 106M/kpc3 and M(RG) ≈ 1.05× 1011M.
4.3 NGC 7331
In subsection 2.3 the exponential behavior for ρ(φ) was found in the region 8 < r < 16 kpc of the
NGC 7331 halo. A fit in this region of the rotation velocity data to the solutions of (4) and (5) is
shown in figure 32. The fitted value for the three dimensionfull parameters of the Boltzmann fit are:
m/T ≈ 225 eV/Kel, ρ(RG) ≈ 1.3× 107M/kpc3 and M(RG) ≈ 1.3× 1011M. The fit for m/T is to be
compared with the average value of ∼ 260 eV/Kel found for this region from figure 10. Using (17), we
can numerically estimate the mass of the region 8 < r < 16 kpc. We get M(8 kpc,16 kpc) ≈ .90× 1011M,
which is a little less than the mass M(RG) in the interior region r < RG. The sum of the quoted
baryonic mass contributions for NGC 7331 in subsection 2.3, which were obtained from a mass model
is ∼ 1.925× 1011M. [14] From (8) the fitted values for τ and κ are τ ≈ 0.50 and κ ≈ 0.21.
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Figure 32: Fit of the rotation velocity data for NGC 7331 to a Boltzmann gas in the region 8 kpc ≤ r ≤
16 kpc. The fitted values for the three dimensionfull parameters of the Boltzmann gas are: m/T ≈ 225
eV/Kel, ρ(RG) ≈ 1.3× 107M/kpc3 and M(RG) ≈ 1.3× 1011M.
4.4 NGC 2403
In subsection 2.4 we found exponential behavior for ρ(φ) in the region 3 < r < 10 kpc of the halo for
weakly barred spiral galaxy NGC 2403 . A fit of the rotation velocity data to the solutions of (4) and
(5) in the region is shown in figure 33. The fitted value for the three dimensionfull parameters of the
Boltzmann fit are: m/T ≈ 1140 eV/Kel, ρ(RG) ≈ 3.5× 107M/kpc3 and M(RG) ≈ 5.9× 109M. The
fit for m/T is close to the average value of ∼ 1100 eV/Kel, found for this region from figure 13. Using
(17), we can numerically estimate the mass of the region 3 < r < 10 kpc. We get M(3 kpc,10 kpc) ≈
3.25× 1010M, which is over five times the mass M(RG) in the interior region r < RG. It is also much
greater than the combined baryonic mass contributions from a mass model for NGC 2403, as was cited
in subsection 2.4. The latter is ∼ 7.7× 109M. From (8) the fitted values for τ and κ are τ ≈ 0.81 and
κ ≈ 0.67.
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Figure 33: Fit of the rotation velocity data for NGC 2403 to a Boltzmann gas in the region 3 kpc ≤ r ≤
10 kpc. The fitted values for the three dimensionfull parameters of the Boltzmann gas are: m/T ≈ 1140
eV/Kel, ρ(RG) ≈ 3.5× 107M/kpc3 and M(RG) ≈ 5.9× 109M.
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4.5 NGC 2903
A fit of the rotation velocity data to the solutions of (4) and (5) in the region 3 < r < 9 kpc is shown in
figure 34. The fitted value for the three dimensionfull parameters of the Boltzmann fit are: m/T ≈ 580
eV/Kel, ρ(RG) ≈ 1.6× 108M/kpc3 and M(RG) ≈ 2.4× 1010M. The result for m/T is compared with
average value of ∼ 490 eV/Kel found in figure 16. Using (17), we can numerically estimate the mass of
the region 3 < r < 9 kpc. We get M(3 kpc,9 kpc) ≈ 6.3 × 1010M. This is significantly greater than the
mass M(RG) in the interior region r < RG, and also the combined baryonic mass contributions from a
mass model for NGC 2903. Using the values quoted in subsection 2.5, the latter is ∼ 2.06 × 1010M.
From (8) the fitted values for τ and κ are τ ≈ 0.41 and κ ≈ 0.90.
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Figure 34: Fit of the rotation velocity data for NGC 2903 to a Boltzmann gas in the region 3 kpc ≤ r ≤
9 kpc. The fitted values for the three dimensionfull parameters of the Boltzmann gas are: m/T ≈ 580
eV/Kel, ρ(RG) ≈ 1.6× 108M/kpc3 and M(RG) ≈ 2.4× 1010M.
4.6 NGC 3521
A fit of the rotation velocity data to the solutions of (4) and (5) in the region 7 < r < 15 kpc is shown in
figure 35. The fitted value for the three dimensionfull parameters of the Boltzmann fit are: m/T ≈ 370
eV/Kel, ρ(RG) ≈ 2.1×107M/kpc3 and M(RG) ≈ 8.9×1010M. The fit for m/T is close to the average
value of 380 eV/Kel, found for this region in figure 19. Using (17), we can numerically estimate the
mass of the region 7 < r < 15 kpc. We get M(7 kpc,15 kpc) ≈ 8.8× 1010M, which is approximately the
same as the mass M(RG) in the interior region r < RG. This is compared with the sum of the quoted
baryonic mass contributions in subsection 2.6 for NGC 3521 of ∼ 1.31 × 1011M. From (8) the fitted
values for τ and κ are τ ≈ 0.39 and κ ≈ 0.36.
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Figure 35: Fit of the rotation velocity data for NGC 3521 to a Boltzmann gas in the region 7 kpc ≤ r ≤
15 kpc. The fitted values for the three dimensionfull parameters of the Boltzmann gas are: m/T ≈ 370
eV/Kel, ρ(RG) ≈ 2.1× 107M/kpc3 and M(RG) ≈ 8.9× 1010M.
4.7 NGC 3198
For the case of the barred spiral galaxy NGC 3198, a fit of the rotation velocity data to the solutions
of (4) and (5) in the region 5 < r < 20 kpc is shown in figure 36. The fitted value for the three
dimensionfull parameters of the Boltzmann fit are: m/T ≈ 800 eV/Kel, ρ(RG) ≈ 2.2 × 107M/kpc3
and M(RG) ≈ 1.9 × 1010M. The fit for m/T is within the range of values for this region found from
figure 23. Using (17), we can numerically estimate the mass of the region 5 < r < 20 kpc. We get
M(5 kpc,20 kpc) ≈ 8.9 × 1010M, which is much greater than the mass M(RG) in the interior region
r < RG. It is also greater than the sum of the stated baryonic masses for NGC 3198 in subsection 2.7.
The latter is 4.12× 1010M. From (8) the fitted values for τ and κ are τ ≈ 0.58 and κ ≈ 0.59.
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Figure 36: Fit of the rotation velocity data for NGC 3198 to a Boltzmann gas in the region 5 kpc ≤ r ≤
20 kpc. The fitted values for the three dimensionfull parameters of the Boltzmann gas are: m/T ≈ 800
eV/Kel, ρ(RG) ≈ 2.2× 107M/kpc3 and M(RG) ≈ 1.9× 1010M.
28
4.8 DD0 154
Lastly, for the case of the dwarf galaxy DD0 154, a fit of the rotation velocity data to the solutions
of (4) and (5) in the region 1.5 < r < 6.5 kpc is shown in figure 37. The fitted value for the three
dimensionfull parameters of the Boltzmann fit are: m/T ≈ 7500 eV/Kel, ρ(RG) ≈ 1.2 × 107M/kpc3
and M(RG) ≈ 3.4 × 108M. The fit for m/T is within the range found for this region from figure
26. Using (17), we can numerically estimate the mass of the region 1.5 < r < 6.5 kpc. We get
M(1.5 kpc,6.5 kpc) ≈ 3.2 × 109M, which is an order of magnitude bigger than the mass M(RG) in the
interior region r < RG. It is also approximately an order of magnitude bigger than the sum of the stated
baryonic masses for DD0 154 in subsection 2.8 (∼ 3.84× 108M). This is not surprising since the dark
matter component is dominant in dwarf galaxies. From (8) the fitted values for τ and κ are τ ≈ 1.13
and κ ≈ 0.62.
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Figure 37: Fit of the rotation velocity data for DD0 154 to a Boltzmann gas in the region 1.5 kpc ≤ r ≤
6.5 kpc. The fitted values for the three dimensionfull parameters of the Boltzmann gas are: m/T ≈ 7500
eV/Kel, ρ(RG) ≈ 1.2× 107M/kpc3 and M(RG) ≈ 3.4× 108M .
5 Summary and Concluding Remarks
In section two we examined the rotation curve data of eight galaxies from THINGS[14], and searched
for universal behavior for the function ρ(φ). We found indications that it has an exponential behavior in
regions RG ≤ r ≤ Rmax of the haloes. We modeled the regions with an effective theory in section three.
The dynamics in the spherical shell RG ≤ r ≤ Rmax was described by a self-gravitating isothermal gas,
subject to an external gravitational field due to the inner-most region r ≤ RG. General solutions are
specified by two dimensionless parameters, which were denoted by τ and κ, while three dimensionfull
parameters are required for a fit to the data. From typical rotation velocities, we checked that the
(dark matter) particles responsible for flat rotation curves move nonrelativistically, and that quantum
statistics is negligible in typical regions where the model has application. In section four, the rotation
curve data was fit to solutions to the model in the regions RG ≤ r ≤ Rmax where Boltzmann-like
behavior was found. The fits rely on the gravitational attraction to the baryonic matter in the inner
region r ≤ RG, but do not require any detailed knowledge of the various density profiles; i.e., they do
not require the use of mass models.
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Our results for the fits and searches for Boltzmann-like behavior of the eight galaxies are summarized
in tables 1 and 2 below. Table 1 contains two different estimates for m/T for each spherical shell region
(columns four and five), along with distance scales for the various galaxies. The second column of table
1 lists the distances to the galaxies used in this article, while the third column contains the distance
scale of the disks.[16] In column four we give the result for the mean values of −d log ρdφ in the regions
(indicated below in parenthesis) where ρ(φ) exhibited exponential behavior. (Recall, −d log ρdφ is a
constant, namely m/T , for the Boltzmann gas.) The results were obtained using the eight-parameter
series fits of the rotation velocity data described in section 2. The table shows that the regions exhibiting
Boltzmann-like behavior are generally much larger than the disk scale. For the examples of NGC 5055,
as well as for NGC 2841, these regions are ∼ 15 kpc, corresponding to roughly four times the distance
scale of the disk. Also, the inner boundary r = RG of the spherical shell is greater than the disk scale.
Baryonic matter is expected to be subdominant at such distances. Thus, dark matter should give the
dominant contribution to the total mass density in the spherical shell RG ≤ r ≤ Rmax, and it should
therefore be responsible for the apparent Boltzmann-like behavior.
As stated above, column four is an estimate of m/T in the region RG ≤ r ≤ Rmax, which was obtained
utilizing the eight-parameter fit. Column five of table 1 gives another determination for m/T in the
same region. These values were obtained in section 4 by making a fit of the rotation curve data to
solutions of the equation for a self-gravitating Boltzmann gas. The two different determinations of m/T
are generally in agreement with each other for the eight galaxies. We note that after assuming that
the (dark matter) mass m is a universal constant, we can compare the relative effective temperatures
of (dark matter in) the spherical shells of the eight dark matter haloes. We get
TNGC2841 > TNGC7331 > TNGC3521 ∼ TNGC5055 > TNGC2903 > TNGC3198 > TNGC2403 > TDD0 154
Table 2 reports on the mass estimates for the spherical shell RG ≤ r ≤ Rmax and the inner region
r ≤ RG. Table 2 also gives results for the dimensionless parameters (τ, κ) for the Boltzmann fits.
Column two lists the sum Mbaryons of all the baryonic contributions to the mass of the galaxy reported
in the literature. The disk and bulge contributions were obtained from a mass model in [14] (specifically,
the model with fixed values of the mass to luminosity ratio and the diet Salpeter stellar initial mass
function), while the HI gas mass estimates come from [17]. Column three gives the result for the mass
M(RG) in the interior region r ≤ RG obtained from the Boltzmann fits, while column four lists estimates
of the total matter content in the spherical shell RG ≤ r ≤ Rmax using (17). The table shows that for
the majority of the galaxies, the regions exhibiting Boltzmann-like behavior are at least as massive, if
not more, than the reported values for the sum of all the baryonic components of the galaxies. This is
another indication that the region is strongly dominated by dark matter. Also, the spherical shells are,
in general, more massive than the interior regions r ≤ RG. Two exceptional cases are NGC 7331 and
NGC 3521, where the mass for the spherical shell M(RG,Rmax) is less than Mbaryons. On the other hand,
for the case of the dwarf galaxy DD0 154, the region associated with the exponential behavior for ρ(φ)
is almost ten times as massive as the baryonic component of the galaxy.
Finally, column five of table 2 gives the fitted values for the dimensionless parameters τ and κ
defining the Boltzmann gas. The results vary from one galaxy to another, and generally differ from the
special case of (τ, κ) = (12 ,
1
3 ), which corresponds to an exactly flat rotation curve. As was discussed in
the introduction, isothermal behavior is obvious for the ideal case of exactly flat rotation curves. On
the other hand, since from column five, the results are, in general, not in agreement with the exactly
flat solution, the apparent isothermal behavior could not have been guessed from the outset.
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Galaxy distance Rdisk −
〈
d log ρ
dφ
〉
m/T (Boltzmann
[Mpc] [ kpc] [ eV/Kel] fit) [ eV/Kel]
NGC 2841 14.1 3.5 190 205
(7 ≤ r ≤ 22 kpc) (7 ≤ r ≤ 22 kpc)
NGC 5055 9.2 3.622 440 300
(10 ≤ r ≤ 25 kpc) (10 ≤ r ≤ 25 kpc)
NGC 7331 14.2 3.2 260 225
(8 ≤ r ≤ 16 kpc) (8 ≤ r ≤ 16 kpc)
NGC 2403 4.3 2.7 1100 1140
(3 ≤ r ≤ 10 kpc) (3 ≤ r ≤ 10 kpc)
NGC 2903 9.4 3.0 490 580
(3 ≤ r ≤ 9 kpc) (3 ≤ r ≤ 9 kpc)
NGC 3521 12.2 3.3 380 370
(7 ≤ r ≤ 15 kpc) (7 ≤ r ≤ 15 kpc)
NGC 3198 14.1 4.0 820 800
(5 ≤ r ≤ 25 kpc) (5 ≤ r ≤ 20 kpc)
DD0 154 4.2 .8 8600 7500
(1.5 ≤ r ≤ 6.5 kpc) (1.5 ≤ r ≤ 6.5 kpc)
Table 1: Summary of estimates for m/T in the haloes of eight galaxies. The second column lists the
distances to the galaxies used in this article. The third column quotes the distance scale of the disks
from [16]. In column 4 we give the mean values of −d log ρdφ in regions (indicated below in parenthesis)
where the derivatives are approximately constant. The values for m/T obtained from the fits of to the
Boltzmann gas (for the region in the parenthesis below) is given in column 5.
We mention a few words about some of the galaxies in THINGS that were not analyzed here. Two
galaxies, NGC 2976 and NGC 3627, were not considered at all because they contained too few data
points for an eight-parameter fit. NGC 3031 and NGC 4736 may not be ideal candidates because they
are reported as having non-circular motions. Also, at sufficient distances from the origin, the former is
affected by tidal interactions from other members of the group (the M81 group, for the case of NGC
3031).[14] There are other galaxies in the survey with features that may not make them ideal candidates
for an analysis of this sort as well, such as NGC 3627, which has a pronounced bar and an asymmetric
spiral structure. The data for the remaining five galaxies in the survey did not exhibit any signs of
universal behavior after doing the eight-parameter fit used in section 2. More specifically, we did not
find convincing evidence of Boltzmann-like regions from the data for those galaxies.
In summary, from the rotation velocity data for 19 galaxies from THINGS, we found evidence of
Boltzmann-like behavior in the haloes of eight galaxies, corresponding to approximately 40% of the
sample. More specifically, after making the usual assumptions of spherical symmetry and that the
rotation curves are generated by circular orbits, we showed that there were substantial regions of the
haloes where the density decreased exponentially with the gravitational potential. For NGC 2841 and
NGC 5055, agreement with Boltzmann-like behavior was found over a distance which was roughly four
times the distance scale of the disk, and the relevant regions were estimated to be much more massive
than the total baryonic masses of the galaxies. For the case of the dwarf galaxy DD0 154, the region
exhibiting exponential behavior for ρ(φ) was approximately six times larger than the disk scale and
eight times more massive than the baryonic component, indicating that dark matter dominates the
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Galaxy Mbaryons M(RG) M(RG,Rmax) (τ, κ)
[1010M] [1010M] [1010M]
NGC 2841 14.3 17 29 (.37, .42)
(r ≤ 7 kpc) (7 ≤ r ≤ 22 kpc)
NGC 5055 13.4 10.5 12.9 (.55, .21)
(r ≤ 10 kpc) (10 ≤ r ≤ 25 kpc)
NGC 7331 19.25 13 9 (.50, .21)
(r ≤ 8 kpc) (8 ≤ r ≤ 16 kpc)
NGC 2403 .77 .59 3.25 (.81, .67)
(r ≤ 3 kpc) (3 ≤ r ≤ 10 kpc)
NGC 2903 2.06 2.4 6.3 (.41, .90)
(r ≤ 3 kpc) (3 ≤ r ≤ 9 kpc)
NGC 3521 13.1 8.9 8.8 (.39, .36)
(r ≤ 7 kpc) (7 ≤ r ≤ 15 kpc)
NGC 3198 4.12 1.9 8.9 (.58, .59)
(r ≤ 5 kpc) (5 ≤ r ≤ 20 kpc)
DD0 154 .0384 .034 .32 (1.13, .62)
(r ≤ 1.5 kpc) (1.5 ≤ r ≤ 6.5 kpc)
Table 2: Summary of mass estimates and (τ, κ) for eight galaxies. Column 2 lists the total mass baryonic
mass of the galaxy, as determined from a mass model. [14] In column 3, we give the value of the mass
M(RG) in the interior region (r ≤ RG), obtained from the fit to the Boltzmann gas. The mass M(RG,Rmax)
of the Boltzmann-like region, estimated using (17), appears in column 4. Column 5 lists the fitted
values of the dimensionless parameters τ and κ.
region. In all cases, the exponential behavior breaks down at short and large distances. The breakdown
at extremely large distances may indicate that the dynamics described by (5) is not valid when densities
go below a certain threshold. It is not hard to understand the breakdown at short distances, since the
assumptions of symmetry and a single-component gas are not valid approximations close to the disk.
A number of improvements can be performed to the model presented in section 3 and its fits of
galactic haloes in sections 4. The most obvious are to drop the assumption of spherical symmetry, and
to take into account effects of the HI gas present in the haloes. Furthermore, one can try to extend the
analysis to include the interior region. As densities grow in the interior, it may then be of interest to
consider the effect of quantum statistics.
Finally, the fact that we have evidence of some Boltzmann-like behavior in substantial regions of
eight galactic haloes may not be accidental, as it may signal the presence of (non gravitational) dark
matter self-interactions. Moreover, it is an indication that such interactions could be sufficient in
strength and number for the system to settle down to an equilibrium configuration.
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